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In this paper, we studied the B(s) → (D(s), D¯(s))ρ → (D(s), D¯(s))pipi decays by em-
ploying a framework for the quasi-two-body decays in the perturbative QCD (PQCD) fac-
torization approach. We use the two-pion distribution amplitudes Φpipi, which contains both
resonant and nonresonant contributions from the pion pair, to describe the final state inter-
actions (FSIs) between the pions in the resonant region. We found that (a) for all considered
decays, the PQCD predictions for their branching ratios based on the quasi-two-body and
the two-body framework agree well with each other due to B(ρ → pipi) ≈ 100%; For
B+ → D¯0ρ+ → D¯0pi+pi0 and other four considered decay modes, the PQCD predictions
do agree well with the measured values within errors; (b) the great difference between the
PQCD predictions for B(B → D¯ρ → D¯pipi) and B(B → Dρ → Dpipi) can be understood
by the strong CKM suppression factorRCKM ≈ 3×10−4; (c) for theBs → Dρ→ Dpipi and
Bs → D¯ρ→ D¯pipi decays, however, the PQCD predictions of Rs1 ≈ 0.13 and Rs2 ≈ 0.14
do agree very well with the moderate CKM suppression factor RsCKM ≈ 0.14; and (d) the
PQCD predictions for the ratios RDρ and the strong phase difference cos δDρ of the three
B → D¯ρ decay modes agree well with the LHCb measurements within one standard devia-
tion.
PACS numbers: 13.25.Hw, 12.38.Bx, 14.40.Nd
I. INTRODUCTION
The hadronic two-body and three-body B meson decays provide rich information for studying
the heavy flavor physics in and beyond the Standard Model (SM), but the three-body decays are
clearly more complicated than the two-body cases due to the involvement of the resonant and
nonresonant contributions, as well as the possible FSIs. In experiments, the BaBar [1–5], Belle [6–
11] and LHCb Collaborations [12–17] have reported their measurements for the branching ratios
and CP violations of some hadronic three-body B/Bs meson decay modes. The large localized
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2CP asymmetries in a number of such decay channels, specifically, have raised great interests in
theoretical studies [18–48] .
It is fair to say that the nonresonant contributions in the three-body B-meson decays are quite
difficult to calculate, since we can not separate the nonresonant contributions from the resonant
ones clearly and have no good methods to estimate the non-resonant contributions reliably [45].
In the so called “quasi-two-body” approximation, the two-body scattering and all possible interac-
tions between the two involved particles are included but the interactions between the third particle
(usually referred to as bachelor) and the pair of mesons are ignored.
In a recent work [23], the authors studied the quasi-two-body decay B → Kρ → Kππ by
employing the PQCD factorization approach based on kT factorization theorem. The resonant
and nonresonant contributions between two final pions are parameterized into the time-like pion
form factors involved in the P -wave two-pion distribution amplitudes φI=1pipi , the PQCD predictions
for the branching ratios and the CP-violating asymmetries as presented in Ref. [23] are in good
agreement with currently available experimental measurements. By analyzing the distribution of
the branching ratios and direct CP asymmetries in the pion-pair invariant mass w, they also found
that the main portion of the branching ratios lies in the region around the pole mass of the ρ
resonance as expected. For B+ → K+ρ0 → K+π+π− decay, for example, its differential decay
rate dB/dw exhibits peak at w = mρ, the central value of its branching ratio is B = 2.46×10−6 in
the range of w = [mρ−Γρ, mρ+Γρ], which is around 72% of the total decay rate B = 3.42×10−6
[23]. In Ref. [24], we extend this work [23] to the cases B → Pρ→ Pππ, where the P standing
for kaon and other light pseudoscalar mesons (π, η, η′) as well. For all B → Pρ → Pππ decays
studied in Refs. [23, 24], the PQCD predictions for their branching ratios of those quasi-two-body
modes in the three-body and the two-body frameworks are well consistent with each other. This
fact is generally expected since B(ρ→ ππ) ≈ 100%, and it does suggest that the PQCD approach
is a consistent theory for exclusive hadronic B meson decays [23, 24].
Besides the above mentioned B meson charmless decays, the two-body hadronic charmed de-
cays B → DM (M denotes the light pseudoscalar and vector mesons ) have also been studied
by many authors based on rather different theoretical approaches [49–63]. Since such charmed
hadronic B decay modes involve the tree operators O1,2 only, there are much less theoretical un-
certainties from the relevant QCD dynamics.
In the PQCD factorization approach, the factorization for B → DM decays was approved
at the leading order of mD/mB expansion [53, 54]. Many two-body charmed decays B(s) →
D
(∗)
(s)(P, V, T ) have been studied in Refs. [55–63]. In Refs. [60, 61], specifically, the authors
analyzed B(s) → D(∗)(s)(P, V ) decays. By using the data of six B → DP channels available
at 2008, they firstly made a selection for the expression of D/Ds meson wave functions by
χ2 fit, presented the PQCD predictions for the considered charmed B decays and found that
most of them agreed very well with experiments. Some predictions for Bs decays [60], such
as B(B¯0s → D+s K−) ≈ 1.70 × 10−4 and B(B¯0s → D∗+s π−) ≈ 18.9 × 10−4, are confirmed 1 by
later experimental measurements [64, 65] .
In this paper, we will extend previous studies as presented in Refs. [23, 24] to the cases of
the quasi-two-body charmed decays B(s) → (D(s), D¯(s))ρ → (D(s), D¯(s))ππ by employing the
PQCD factorization approach, and to examine if the PQCD approach are applicable to the cases
involving a charmed meson as one of the three final state mesons. Since only the tree diagrams
contribute to the considered decay processes, there is no direct CP asymmetry for these decays in
1 From HFAG 2016 [65], it is easy to find the average of the measured values: B(B¯0
s
→ D+
s
K−) = (1.92± 0.22)×
10−4 and B(B¯0
s
→ D∗+
s
pi−) = (24+7−6)× 10−4.
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FIG. 1. Typical Feynman diagrams for the decays B(s) → D¯(s)ρ→ D¯(s)pipi, where B(s) = (B+, B0, B0s ),
D¯(s) = (D¯0,D
−,D−s ) and ρ = (ρ+, ρ−, ρ0).
the standard model. We consider the decays B(s) → D¯(s)ρ → D¯(s)ππ (through b¯ → c¯ transition )
and the CKM suppressed ones B(s) → D(s)ρ→ D(s)ππ ( through b¯ → u¯ transition), describe the
two-pion system by using the same kind of P -wave two-pion distribution amplitudes φI=1pipi as in
Refs. [23, 24], present the PQCD predictions for the branching ratios of those considered decays.
By using the same Gegenbauer coefficients for the ρmeson distribution amplitudes, we also do the
calculations in the usual two-body PQCD framework, and compare the numerical results obtained
from the different framework of the two-body decay and the quasi-two-body decay.
This paper is organized as follows. In Sec. II, we give a brief introduction for the theoretical
framework, calculate and present the decay amplitudes. The numerical values, some discussions
and the conclusions will be given in last two sections.
II. THE THEORETICAL FRAMEWORK
For B(s) → D¯(s)ρ → D¯(s)ππ decays and the CKM-suppressed B(s) → D(s)ρ → D(s)ππ
decays, the effective Hamiltomian are of the form
Heff =
{
GF√
2
V ∗cbVuq [C1(µ)O1(µ) + C2(µ)O2(µ)] , for B(s) → D¯(s)ρ→ D¯(s)ππ decays,
GF√
2
V ∗ubVcq [C1(µ)O1(µ) + C2(µ)O2(µ)] , for B(s) → D(s)ρ→ D(s)ππ decays,
(1)
where O1,2(µ) are the tree operators, C1,2(µ) are the Wilson coefficients, q = (d, s) and Vij are the
CKM matrix elements. The typical Feynman diagrams for the decays B(s) → D¯(s)ρ → D¯(s)ππ
and B(s) → D(s)ρ→ D(s)ππ are shown in the Fig. 1 and 2, respectively.
In the light-cone coordinates, the B meson momentum pB, the ρ meson momentum p, and the
D meson momentum p3 are chosen as
pB =
mB√
2
(1, 1, 0T), p =
mB√
2
(1− r2, η, 0T), p3 = mB√
2
(r2, 1− η, 0T), (2)
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FIG. 2. Typical Feynman diagrams for the CKM-suppressed decays B(s) → D(s)ρ → D(s)pipi, where
D(s) = (D
0,D+,D+s ).
where mB denotes the B meson mass, the variable η is defined as η = w
2/[(1 − r2)m2B] with
the mass ratio r = mD/mB and the invariant mass squared w
2 = p2 = m2(ππ) of the pion pair.
The momentum of the light quark in the B meson, ρ and D meson are denoted as kB, k and k3
respectively
kB = (0, xB
mB√
2
, kBT), k = (z
(1 − r2)mB√
2
, 0, k
T
), k3 = (0, x3
(1− η)mB√
2
, k3T), (3)
where the momentum fraction xB , z and x3 run between zero and unity. The momentum of pion
pair p1, p2 are expressed as
p+1 = ζp
+ , p+2 = (1− ζ)p+ , p−1 = (1− ζ)p− , p−2 = ζp−, (4)
in which ζ is the momentum fraction for one of the pion pair and p = p1 + p2. For the decays
involvingBs orDs mesons, one can get the relevant definitions or expressions from those as given
in Eqs. (2-4) by simple replacement mB → mBs and mD → mDs . All discussions for the B
meson decays are applicable for the cases of Bs decays, unless explained specifically.
The total decay amplitude A for the quasi-two-body decays B → Dρ → Dππ in PQCD
approach can be written conceptually as the convolution [18, 19, 23]
A = ΦB ⊗H ⊗ ΦD ⊗ ΦI=1pipi , (5)
where the hard kernel H describes the dynamics of the strong and electroweak interactions in the
decays, the functions ΦB , ΦD and Φpipi are wave functions for the B meson, the final state D/D¯
meson and the pair of pions, which absorb the non-perturbative dynamics in the process.
The wave function of B meson can be written as the one for example in Ref. [66]
ΦB =
i√
2Nc
(p/B +mB)γ5φB(k1), (6)
where the B-meson distribution amplitude φB is of the form
φB(x, b) = NBx
2(1− x)2exp
[
−M
2
B x
2
2ω2B
− 1
2
(ωB b)
2
]
, (7)
where the normalization factorNB is determined through the relation
∫ 1
0
dx φB(x, 0) = fB/(2
√
6),
ωB is a free parameter and one usually take ωB = 0.40 ± 0.04 GeV and ωBs = 0.50 ± 0.05 GeV
in the numerical calculations [18, 19, 23] for the case of B and Bs decays respectively.
5ForD meson, in the heavy quark limit, the two-parton LCDAs can be written as [53, 54, 60–63]
〈D(p3)|qα(z)c¯β(0)|0〉 = i√
2Nc
∫ 1
0
dx eixp3·z [γ5(/p 3 + mD)φD(x, b)]αβ , (8)
where
φD(x, b) =
1
2
√
2Nc
fD 6x(1− x) [1 + CD(1− 2x)] exp
[−ω2b2
2
]
, (9)
with CD = 0.5±0.1, ω = 0.1 GeV and fD = 204.6MeV forD meson, and CDs = 0.4±0.1, ω =
0.2 GeV and fDs = 257.5 MeV for Ds meson. In the above models, x is the momentum fraction
of the light quark inD (Ds) meson.
For the quasi-two-body decays, the dynamics associated with the pair of the pion mesons are
factorized into two-meson distribution amplitudes for the following two reasons [18, 19, 67, 68]:
(1) It is not practical to make a direct evaluation for the hard b-quark decay kernels containing
two virtual gluons at leading order due to the enormous number of diagrams, while the con-
tribution from such kinematic region is in fact not important due to the power-suppression;
(2) The dominant contribution comes from the region where the involved two energetic mesons
are almost collimating to each other and having an invariant mass below O(Λ¯mB) (Λ¯ =
mB −mb).
The longitudinal distribution amplitude of ρ meson is defined as the two-pion distribution ampli-
tudes [23]:
ΦI=1pipi =
1√
2Nc
[
p/φ0(z, ζ, w2) + wφs(z, ζ, w2) +
p/1p/2 − p/2p/1
w(2ζ − 1) φ
t(z, ζ, w2)
]
, (10)
where
φ0(z, ζ, w2) =
3Fpi(w
2)√
2Nc
z(1− z)
[
1 + a02C
3/2
2 (t)
]
P1(2ζ − 1),
φs(z, ζ, w2) =
3Fs(w
2)
2
√
2Nc
(1− 2z) [1 + as2(1− 10z + 10z2)]P1(2ζ − 1),
φt(z, ζ, w2) =
3Ft(w
2)
2
√
2Nc
(1− 2z)2
[
1 + at2C
3/2
2 (t)
]
P1(2ζ − 1), (11)
with the Gegenbauer polynomial C
3/2
2 (t) =
3
2
(5t2 − 1), t = 2z − 1, the Legendre polynomial
P1(2ζ−1) = 2ζ−1. We choose the Gegenbauer coefficient a02 = 0.25±0.10, at2 = −0.60±0.20
and as2 = 0.75± 0.25 determined in Ref. [23].
The strong interactions between the ρ meson and the pion pair with the inclusion of the elastic
rescattering among the two pions are factorized into Fpi. The form factor Fpi for ρmeson is chosen
as [69]
Fpi(w
2) =
1
1 +
∑
ci
·
{
BWGSρ (w
2, mρ,Γρ)
1 + cωBW
KS
ω (w
2, mω,Γω)
1 + cω
+
∑
ciBW
GS
i (w
2, mi,Γi)
}
, (12)
6with
BWKSω (s,m,Γ) =
m2
m2 − s− imΓ ,
BWGSρ,i (s,m,Γ) =
m2 [1 + d(m) Γ/m]
m2 − s+ f(s,m,Γ)− imΓ(s,m,Γ) , (13)
here BWKSω (s,m,Γ) are the ordinary Breit-Wigner (BW) function [70] for ω meson, while BW
GS
ρ,i
are the functions for the ρ and its excited states i = (ρ′(1450), ρ′′(1700), ρ′′′(2254)) as described by
the Gounaris-Sakurai (GS) model [71]. The explicit expressions of the functions Γ(s,m,Γ), d(m)
and f(s,m,Γ) in Eq. (13) can be found in Eqs. (29-31) of Ref. [69], other relevant parameters such
as cω and ci in Eq. (12-13) can also be found in the Appendix of Ref. [69]. Here, we single out the
part of ρmeson component. The equivalence between the framework with the ρmeson propagator
and the present one with the two-pion distribution amplitudes leads to the relations [23]:
F ρpi (w
2) ≈ gρpipiwfρ
Dρ(w2)
, F ρs,t(w
2) ≈ gρpipiw f
T
ρ
Dρ(w2)
, (14)
where gρpipi describes the strength of the ρ→ ππ transition,Dρ represents the denominator of the
BW function for the ρ resonance and fρ(f
T
ρ ) is associated with the normalization of the twist-2 (
twist-3) ρ meson distribution amplitudes ( fρ = 0.216 GeV [72, 73] and f
T
ρ = 0.184 GeV [74]
numerically).
After the integration for ζ , the differential decay rate is written as
dB
dw2
= τB
|~ppi||~pD|
96π3m3B
|A|2, (15)
where τB is the mean lifetime of B meson, and |~ppi| and |~pD| denote the magnitudes of the π and
D momenta in the center-of-mass frame of the pion pair,
|~ppi| = 1
2
√
w2 − 4m2pi,
|~pD| = 1
2
√
[(m2B −m2D)2 − 2(m2B +m2D)w2 + w4]/w2. (16)
For the consideredB(s) → D¯(s)ρ→ D¯(s)ππ decays, the analytic formula for the corresponding
decay amplitudes are of the following form:
A(B+ → D¯0ρ+(ρ+ → π+π0)) = GF√
2
V ∗cbVud[a1F
LL
eρ + C2M
LL
eρ + a2F
LL
eD + C1M
LL
eD ], (17)
A(B0 → D−ρ+(ρ+ → π+π0)) = GF√
2
V ∗cbVud[a1F
LL
aρ + C2M
LL
aρ + a2F
LL
eD + C1M
LL
eD ], (18)
A(B0 → D¯0ρ0(ρ0 → π+π−)) = GF
2
V ∗cbVud[a1(−FLLeρ + FLLaρ ) + C2(−MLLeρ +MLLaρ )], (19)
A(B0s → D−ρ+(ρ+ → π+π0)) =
GF√
2
V ∗cbVus[a1F
LL
aρ + C2M
LL
aρ ], (20)
A(B0s → D¯0ρ0(ρ0 → π+π−)) =
GF
2
V ∗cbVus[a1F
LL
aρ + C2M
LL
aρ ], (21)
A(B0s → D−s ρ+(ρ+ → π+π0)) =
GF√
2
V ∗cbVud[a2F
LL
eD + C1M
LL
eD ] (22)
7where the Wilson coefficients a1 = C1+C2/3 and a2 = C2+C1/3, the individual amplitude F
LL
eρ ,
MLLeρ , F
LL
eD , M
LL
eD , F
LL
aρ andM
LL
aρ denote the amplitudes from different sub-diagrams in Fig. 1.
FLLeρ = −8πCFm4BfD
∫ 1
0
dxBdz
∫ 1/Λ
0
bBdbBbdb φB(xB, bB)
×{[[r2((1− 2η)(1 + z) + (1− (1− η)r2)z)− (1− η)(1 + z)]φ0(z)−√η(1− r2)
×[(1 − η)(1− 2z(1 − r2))(φs(z) + φt(z)) + r2(φs(z)− φt(z))]
]
Ee(ta)ha(xB, z, b, bB)
×St(z)−
[
(1− r2)[r2(xB − η)− (1− η)η]φ0(z) + 2
√
η(1− r2)[(1− η)(1− r2)
−r2(xB − η)]φs(z)
]
Ee(tb)hb(xB, z, bB, b)St(|xB − η|)
}
, (23)
MLLeρ = 32πCFm
4
B/
√
6
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
bBdbBb3db3 φB(xB, bB) φD(x3, b3)
×{[[(r2(r2 − η)− (1− η))(xB − ηz − (1− η)(1− x3)) + r(ηr − rc + (ηr + rc)
×(r2 − η))]φ0(z) +
√
η(1− r2)[r2((1− η)x3 + xB)(φs(z) + φt(z))− (1− η)
×(1 − r2)z(φs(z)− φt(z))− 2r((1− η)r − 2rc)φs(z)]
]
En(tc)hc(xB, z, x3, bB, b3)
−[(1− η − r2(1− 2η))((1− r2)z + (1− η)x3 − xB)φ0(z) +√η(1− r2)
×[r2(xB − (1− η)x3)(φs(z)− φt(z))− (1− η)(1− r2)z(φs(z) + φt(z))]
]
×En(td)hd(xB, z, x3, bB, b3)
}
, (24)
FLLaρ = −8πCFm4BfB
∫ 1
0
dx3dz
∫ 1/Λ
0
b3db3bdb φD(x3, b3)
×{[[(1− r2)(1− 2rrc)− η(1− 2r2 + 2rrc)− (1− η)(1− r2)2z]φ0(z)
+
√
η(1− r2)[rc(1− η)(φs(z) + φt(z)) + r(2(1− r2)z + rrc)(φs(z)− φt(z))
−4rφs(z)]
]
Ea(te)he(z, x3, b, b3)St(z) +
[
[(r2 − 1)((1− η + r2)η + (1− η)2x3)]φ0(z)
+2r
√
η(1− r2)[(1 + η)(1 + x3)− 2ηx3 − r2]φs(z)
]
Ea(tf )hf(z, x3, b3, b)
×St(|η(x3 − 1)− x3|)
}
, (25)
MLLaρ = 32πCFm
4
B/
√
6
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
bBdbBbdb φB(xB, bB) φD(x3, b3)
×{[r2(1− r2) + η(1− η) + (1− η − r2(r2 − η))(x3(η − 1)− xB + η(z − 2))]φ0(z)
+r
√
η(1− r2)[(xB − (1− η)(1− x3))(φs(z)− φt(z))− ((1− z)r2 + z)(φs(z) + φt(z))
+4φs(z)]En(tg)hg(xB, z, x3, b, bB) + [(r
2 − η − 1)(r2((1− η)(1− x3 − z) + xB − η)
−(1− η)(1− z)]φ0(z) + r
√
η(1− r2)[((1− η)(1− x3) + xB)(φs(z) + φt(z))
+(r2(1− z) + z)(φs(z)− φt(z))− 2φs(z)]
]
En(th)hh(xB, z, x3, b, bB)
}
, (26)
FLLeD = −8πCFm4BF ρpi (w2)
∫ 1
0
dxBdx3
∫ 1/Λ
0
bBdbBb3db3φB(xB, bB)φD(x3, b3)
×{(1 + r)[r2 + (1− η)(1− x3(1− r)(1− η − 2r))]Ee(tm)hm(xB, x3, b3, bB)
×St(x3) +
[
(1− η − r2)((1− 2r)(1 + rc)− η) + ηxB(1− η − 2r)
]
×Ee(tn)hn(xB, x3, bB, b3)St(xB)
}
, (27)
8MLLeD = 32πCFm
4
B/
√
6
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
bBdbBbdbφB(xB, bB)φD(x3, b3)φ0(z)
×{[(x3 + z − 2)(ηr(1− ηr) + r2(1− r)(1 + r − ηr)) + (1− xB − z)(1 − η)
×(1 + η − r2) + (1− r2)r(r − x3) + ηr(r + xB)
]
En(to)ho(xB, z, x3, bB, b)
−[(1− r)((1− η)(1 + r)− ηr)((1− r2)z − xB) + (1− η)x3(1− η + r(r(2η
+r − 1)− 1))]En(tp)hp(xB, z, x3, bB, b)}. (28)
The hard function hi with i = (a, b, c, d, e, f, g, h,m, n, o, p) are obtained from the Fourier trans-
formation of the hard kernels. The explicit expressions of hi and the hard scales ti will be given in
Appendix. The six decay amplitudes (FLLeρ , · · · ,MLLaρ ) as given in Eqs. (23-28) are different from
those as given in Eqs. (31-33,38-40) of Ref. [60]: the terms proportional to r2, rη or higher order
factors are all kept here but neglected in Ref. [60], although the resulted changes in the PQCD
predictions for branching ratios are not large in magnitude.
The evolution factors Ee(t), Ea(t) and En(t) in above equations are written as the form
Ee(t) = αs(t) exp[−SB(t)− Sρ(t)],
Ea(t) = αs(t) exp[−SD(t)− Sρ(t)],
En(t) = αs(t) exp[−SB(t)− Sρ(t)− SD(t)], (29)
where the Sudakov exponents are defined as
SB = S(xB
mB√
2
, bB) +
5
3
∫ t
1/bB
dµ¯
µ¯
γq(αs(µ¯)), (30)
Sρ = S(z(1 − r2)mB√
2
, b) + S((1− z)(1− r2)mB√
2
, b) + 2
∫ t
1/b
dµ¯
µ¯
γq(αs(µ¯)), (31)
SD = S(x3(1− η)mB√
2
, b3) + 2
∫ t
1/b3
dµ¯
µ¯
γq(αs(µ¯)), (32)
with the quark anomalous dimension γq = −αs/π. The explicit expressions of the functions
(S(xBmB/
√
2, bB), · · · ) can be found for example in Appendix A of Ref. [75]. The threshold
resummation factor St(x) in Eqs. (23,25) is of the form [75]:
St(x) =
21+2cΓ(3/2 + c)√
πΓ(1 + c)
[x(1 − x)]c. (33)
We here choose c = 0.3 in numerical calculations.
For the eight CKM suppressedB(s) → D(s)ρ→ D(s)ππ decays, on the other hand, we can find
the same set of analytic formula for the decay amplitudes and relevant functions by following the
same procedure as for B(s) → D¯(s)ρ → D¯(s)ππ decays. The explicit expressions of all relevant
decay amplitudes and functions will be given in Appendix.
III. NUMERICAL RESULTS
Besides the quantities specified in previous sections, the following input parameters (the
masses, decay constants and QCD scale are in units of GeV) will be used in the numerical
9calculations [64]:
Λ
(f=4)
MS
= 0.25, mB = 5.280, mBs = 5.367, mD± = 1.870, mD0/D¯0 = 1.865,
mD±s = 1.968, mρ = 0.775, mpi± = 0.140, mpi0 = 0.135, mb = 4.8, mc = 1.27,
fB = 0.19, fBs = 0.236, τB0 = 1.520 ps, τB+ = 1.638 ps, τBs = 1.510 ps. (34)
For the Wolfenstein parameters (A, λ, ρ¯, η¯) we use the following values: A = 0.811± 0.026, λ =
0.22506± 0.00050, ρ¯ = 0.124+0.019−0.018, η¯ = 0.356± 0.011.
We calculate the branching ratios of B(s) → (D(s), D¯(s))ρ → (D(s), D¯(s))ππ decays in the
quasi-two-body and the two-body framework in the PQCD factorization approach by using the
same set of the Gegenbauer moments. Taking B+ → D¯0ρ+ → D¯0π+π0 as one example, we find
the PQCD prediction for its branching ratio in the quasi-two-body framework:
B(B+ → D¯0ρ+ → D¯0π+π0) = [115+58−36(ωB)+7−8(aρ)± 8(CD)]× 10−4, (35)
where the first error comes from the uncertainties of the input parameters ωB = 0.40 ± 0.04 or
ωBs = 0.50± 0.05; the second one are induced by the uncertainties of the Gegenbauer moments:
at2 = −0.60±0.20, a02 = 0.25±0.10 and as2 = 0.75±0.25; the third one is due to CD = 0.5±0.1
or CDs = 0.4± 0.1.
TABLE I. The PQCD predictions for the branching ratios (in units of 10−4) of B(s) → D¯(s)ρ → D¯(s)pipi
decays in the quasi-two-body (second column) and the two-body (third column) framework. We also list
those currently available measured values [64, 65] of the two-body cases and the central values of the
theoretical predictions as given in Ref. [60] and Ref. [52].
Decays Quasi-two-body Two-body Data [64, 65] Two-body[60] FAT [52]
B(B+ → D¯0ρ+ → D¯0pi+pi0) 115+59−38 116+56−37 134± 18 111 105
B(B0 → D−ρ+ → D−pi+pi0) 82.3+49.2−29.0 88.2+49.7−30.7 79± 13 67.0 65.3
B(B0 → D¯0ρ0 → D¯0pi+pi−) 1.39+1.24−0.90 1.23+0.90−0.64 2.9± 1.1 1.99 2.60
B(B0s → D¯0ρ0 → D¯0pi+pi−) 0.026+0.010−0.006 0.022+0.006−0.005 − 0.042 0.010
B(B0s → D−ρ+ → D−pi+pi0) 0.051+0.022−0.014 0.044+0.012−0.011 − 0.079 0.019
B(B0s → D−s ρ+ → D−s pi+pi0) 77.2+40.2−25.6 79.5+40.6−26.3 85± 21 47.0 78.6
The numerical results for all fourteen considered decay modes are listed in Table I and II,
where the individual errors have been added in quadrature. As a comparison, we list the PQCD
predictions for the branching ratios in both the quasi-two-body framework and the ordinary two-
body framework 2. The central values of the theoretical predictions obtained by employing the
factorization-assisted topological-amplitude (FAT) approach [52] also be listed in the last column
of the two Tables. For some decay modes considered here, the currently available experimental
measurements of the two-body cases B(s) → (D¯(s), D(s))ρ as given in PDG 2016 [64] or HFAG
2016 [65] are included in Table I and II as well.
Since only the tree diagrams contribute to the considered processes here, there is no direct CP
asymmetry for these considered decays. From the calculation and numerical results as listed in
Table I and II, we have the following observations:
2 We calculated the PQCD predictions in the ordinary two-body framework as listed in the third column of Table I
and II. These numerical results are obtained by using the formulae as given in Refs. [60, 61] but with the updated
Gegenbauer moments and other input parameters, and they agree well with those as given in Refs. [60, 61] (fifth
column).
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TABLE II. The PQCD predictions for the branching ratios of the CKM suppressed B(s) → D(s)ρ →
D(s)pipi decays in the quasi-two-body (second column) and the two-body (third column) framework. We
also list those currently available measured values [64, 65] of the two-body cases and the central values of
the theoretical predictions as given in Ref. [61] and Ref. [52].
Decays Quasi-two-body Two-body Data [64, 65] Two-body[61] FAT [52]
B(B+ → D0ρ+ → D0pi+pi0)(10−7) 0.50+0.22−0.14 0.53+0.26−0.14 − 0.93 4.80
B(B0 → D+ρ− → D+pi−pi0)(10−7) 7.63+5.92−3.08 9.45+6.48−4.89 − 12.7 9.40
B(B0 → D0ρ0 → D0pi+pi−)(10−7) 0.13+0.09−0.08 0.13+0.10−0.05 − 0.34 1.20
B(B+ → D+ρ0 → D+pi+pi−)(10−7) 5.33+3.60−2.65 5.99+3.93−2.91 − 7.50 3.30
B(B0s → D0ρ0 → D0pi+pi−)(10−7) 3.41+1.03−0.75 3.13+0.98−0.64 − 1.90 1.30
B(B0s → D+ρ− → D+pi−pi0)(10−7) 6.88+1.98−1.58 6.30+1.96−1.29 − 3.70 2.50
B(B+ → D+s ρ0 → D+s pi+pi−)(10−5) 1.52+1.11−0.82 1.82+1.19−0.91 < 30 1.94 1.68
B(B0 → D+s ρ− → D+s pi−pi0)(10−5) 2.82+2.04−1.53 3.37+2.19−1.63 1.1± 0.9 3.59 3.12
0.5 1.0 1.5 2.0
0
1
2
3
4
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FIG. 3. The PQCD predictions for the w-dependence of the differential branching ratios for the B+ →
D¯0ρ+ → D¯0pi+pi0 (red curve) and B0 → D−ρ+ → D−pi+pi0 (blue curve).
(1) Although the PQCD formalism are rather different for the case of the quasi-two-body and
the two-body decay analysis, the PQCD predictions for the branching ratios of all consid-
ered decays obtained in both frameworks do agree very well with each other, as generally
expected. The reason in indeed very simple: B(ρ → ππ) ≈ 100%. Consequently, there
exist a simple relation between the decay rate of the same kinds of decays evaluated in the
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quasi-two-body and the ordinary two-body framework:
B(B(s) → D¯(s)ρ→ D¯(s)ππ) = B(B(s) → D¯(s)ρ) · B(ρ→ ππ) ≈ B(B(s) → D¯(s)ρ),
B(B(s) → D(s)ρ→ D(s)ππ) = B(B(s) → D(s)ρ) · B(ρ→ ππ) ≈ B(B(s) → D(s)ρ). (36)
For B+ → D¯0ρ+ → D¯0π+π0 and other four considered decay modes, furthermore, the
PQCD predictions do agree well with those currently available experimental measurements
[64, 65] within errors. We can take above two ”good behavior” as a new indication for the
reliability of the PQCD factorization approach and its applicability for the charmed two-
body and/or quasi-two-body hadronic decays of B and Bs mesons.
(2) For the four CKM suppressed B → Dρ → Dππ decays as listed in the first four lines of
Table II, the PQCD predictions for their branching ratios are much smaller than those for
the three B → D¯ρ→ D¯ππ decays as given in Table I, say by about 3−5 orders. The major
reason is the strong CKM suppression factor:
RCKM =
∣∣∣∣V ∗ubVcdV ∗cbVud
∣∣∣∣
2
≈ λ4(ρ¯2 + η¯2) ≈ 3× 10−4, (37)
which can be seen easily from the decay amplitudes as given in Eqs. (17-19) and Eqs. (A1-
A4). Taking the corresponding pairs of B → D¯ρ and B → Dρ decays into account, for
example, the ratios of their branching ratios are of the form
R1 =
B(B+ → D0ρ+ → D0π+π0)
B(B+ → D¯0ρ+ → D¯0π+π0) ≈ 0.44× 10
−5,
R2 =
B(B0 → D+ρ− → D+π−π0)
B(B0 → D−ρ+ → D−π+π0) ≈ 0.93× 10
−4,
R3 =
B(B0 → D0ρ0 → D0π+π−)
B(B0 → D¯0ρ0 → D¯0π+π−) ≈ 0.94× 10
−4. (38)
(3) For the Bs → Dρ→ Dππ decays and Bs → D¯ρ→ D¯ππ decays, there still exist the CKM
suppression but it is now much moderate in size than the previous cases:
RsCKM =
∣∣∣∣V ∗ubVcsV ∗cbVus
∣∣∣∣
2
≈ (ρ¯2 + η¯2) ≈ 0.14. (39)
We can again define the ratios of the branching ratios for the corresponding pairs of Bs
decays in the following form:
Rs1 =
B(B0s → D0ρ0 → D0π+π−)
B(B0s → D¯0ρ0 → D¯0π+π−)
≈ 0.13,
Rs2 =
B(B0s → D+ρ− → D+π−π0)
B(B0s → D−ρ+ → D−π+π0)
≈ 0.14. (40)
The PQCD predictions for both Rs1 and Rs2 indeed agree very well with R
s
CKM.
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(4) In Fig. 3, we show the w-dependence of the differential decay rate dB/dw for the first two
decay modes listed in Table I. One can see directly that the main contribution to the decay
rates lies in the region around the pole massmρ = 775MeV of the ρ resonance. Taking the
decay B+ → D¯0ρ+ → D¯0π+π0 as an example, the central values (in units of 10−4) of its
branching ratios after making the integration over different ranges of w are of the following
form:
B(B+ → D¯0ρ+ → D¯0π+π0) =


89, for w = [mρ − Γρ, mρ + Γρ],
109, for w = [mρ − 3Γρ, mρ + 3Γρ],
115, for 2mpi ≤ w ≤ mB −mD.
(41)
This is an indication that the quasi-two-body framework is a very good approximation for
the charmed B/Bs three-body decays considered in this paper.
(5) The color-allowed emission diagrams Fig.1(a), 1(b), 2(a) and 2(b) are generally dominant
for the considered decays, but the color-suppressed nonfactorizable emission diagrams and
annihilation diagrams can also provide considerable contributions to those decays with the
D or Ds meson as one of the final state mesons.
Because of the isospin symmetry [17], there is a relation between the decay amplitudes A1/2
and A3/2 of the charmed decays B
+ → D¯0ρ+, B0 → D−ρ+ and B0 → D¯0ρ0 considered here:
A(D¯0ρ+) = A(D−ρ+) +
√
2A(D¯0ρ0). (42)
Based on such isospin symmetry, one can further define the amplitude ratio RDρ and the strong
phase difference δDρ between the amplitudes A1/2 and A3/2 in the following forms [17]
RDρ =
√
1
2
√
τB+
τB0
· 3 (B(D
−ρ+) + B(D¯0ρ0))
B(D¯0ρ+) − 1, (43)
cos δDρ =
1
4RDρ
×
[
τB+
τB0
· 3 (B(D
−ρ+)− 2B(D¯0ρ0))
B(D¯0ρ+) + 1
]
. (44)
We found RDρ = 0.82 (0.86) and cos δDρ = 0.983 (0.981) in the quasi-two-body (two-body)
PQCD framework, while the measured values from LHCb Collaboration [17] are of the form:
RDρ = 0.69± 0.15, cos δDρ = 0.984+0.113−0.048, for Isobar model, (45)
RDρ = 0.69± 0.15, cos δDρ = 0.987+0.114−0.048, for K−matrix model. (46)
It is easy to see that our PQCD predictions for bothRDρ and cos δDρ agree well with the measured
values within one standard deviation.
IV. SUMMARY
In this paper, we studied the contributions from the P -wave resonant states ρ to the B(s) →
(D(s), D¯(s))ρ → (D(s), D¯(s))ππ decays. We considered fourteen decay modes, calculated the
branching ratios by employing the quasi-two-body and the two-body framework respectively in
the PQCD factorization approach. The two-pion distribution amplitude ΦI=1pipi was introduced, the
time-like form factor Fpi was employed to describe the strong interactions between the resonance
ρ and the pion pair including two meson final state interactions.
From the analytical and numerical calculations, we found the following points:
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(1) For all considered decays, the PQCD predictions based on the quasi-two-body and the two-
body framework agree well with each other, as generally expected. For B+ → D¯0ρ+ →
D¯0π+π0 and other four considered decay modes, the PQCD predictions do agree well with
the measured values within errors. It is a new indication for the reliability of the PQCD
factorization approach and its applicability for the charmed hadronic decays of B and Bs
mesons.
(2) The great difference between the PQCD predictions for the branching ratios of B → D¯ρ→
D¯ππ decays and the B → Dρ→ Dππ decays can be explained by a strong CKM suppres-
sion factor RCKM ≈ λ4(ρ¯2 + η¯2) ≈ 3× 10−4.
(3) For the Bs → Dρ→ Dππ and Bs → D¯ρ→ D¯ππ decays, however, the CKM suppression
factor is moderate in size: RsCKM ≈ (ρ¯2 + η¯2) ≈ 0.14, which agrees very well with the
PQCD prediction Rs1 ≈ 0.13 and Rs2 ≈ 0.14.
(4) The PQCD predictions for the ratios RDρ and the strong phase difference cos δDρ defined
based on the isospin symmetry between the three B → D¯ρ decay modes agree well with
the LHCb measurements.
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Appendix A: Some decay amplitudes and relevant functions
The analytic formula for the B(s) → D(s)ρ → D(s)ππ decay amplitudes are of the following
form:
A(B+ → D0ρ+(ρ+ → π+π0)) = GF√
2
V ∗ubVcd[a1F
LL
eρ + C2M
LL
eρ + a2F
LL
aD + C1M
LL
aD ], (A1)
A(B+ → D+ρ0(ρ0 → π+π−)) = GF
2
V ∗ubVcd[a2(F
LL
eρ − FLLaD ) + C1(MLLeρ −MLLaD )], (A2)
A(B0 → D0ρ0(ρ0 → π+π−)) = GF
2
V ∗ubVcd[a1(−FLLeρ + FLLaD ) + C2(−MLLeρ +MLLaD )], (A3)
A(B0 → D+ρ−(ρ− → π−π0)) = GF√
2
V ∗ubVcd[a2F
LL
eρ + C1M
LL
eρ + a1F
LL
aD + C2M
LL
aD ], (A4)
A(B+ → D+s ρ0(ρ0 → π+π−)) =
GF
2
V ∗ubVcs[a2F
LL
eρ + C1M
LL
eρ ], (A5)
A(B0 → D+s ρ−(ρ− → π−π0)) =
GF√
2
V ∗ubVcs[a2F
LL
eρ + C1M
LL
eρ ], (A6)
A(B0s → D0ρ0(ρ0 → π+π−)) =
GF
2
V ∗ubVcs[a1F
LL
aD + C2M
LL
aD ], (A7)
A(B0s → D+ρ−(ρ− → π−π0)) =
GF√
2
V ∗ubVcs[a1F
LL
aD + C2M
LL
aD ], (A8)
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with the functions FLLeρ ,M
LL
eρ , F
LL
aD andM
LL
aD denote the amplitudes as illustrated by Fig. 2.
FLLeρ = −8πCFm4BfD
∫ 1
0
dxBdz
∫ 1/Λ
0
bBdbBbdb φB(xB, bB)
×{[[r2((1− 2η)(1 + z) + (1− (1− η)r2)z)− (1− η)(1 + z)]φ0(z)−√η(1− r2)
×[(1 − η)(1− 2z(1 − r2))(φs(z) + φt(z)) + r2(φs(z)− φt(z))]
]
Ee(ta)ha(xB, z, b, bB)
×St(z)−
[
(1− r2)[r2(xB − η)− (1− η)η]φ0(z) + 2
√
η(1− r2)[(1− η)(1− r2)
−r2(xB − η)]φs(z)
]
Ee(tb)hb(xB, z, bB, b)St(|xB − η|)
}
, (A9)
MLLeρ = −32πCFm4B/
√
6
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
bBdbBb3db3φB(xB, bB)φD(x3, b3)
×{[[(1− η + r2)(1− r2)((η − 1)x3 + xB − ηz)]φ0(z) +√η(1− r2)[r2((1− η)x3
−xB)(φs(z) + φt(z)) + (1− η)(1− r2)z(φs(z)− φt(z))]
]
En(tc)hc(xB, z, x3, bB, b3)
−[[rrc(1 + η)− r2(r2(1− 2η)(z − 1) + rrc − 2η2(1− x3) + η(3(z − x3) + 2(1− xB))
+xB + x3 − 2z)− (1− η)((1− η)(1− x3)− xB + z)
]
φ0(z)−
√
η(1− r2)[(η − 1)
×(1− r2)z(φs(z) + φt(z)) + r2((1− η)x3 + xB)(φs(z)− φt(z)) + 2(2rrc − (1− η)r2)
×φs(z)]
]
En(td)hd(xB, z, x3, bB, b3)
}
, (A10)
FLLaD = −8πCFm4BfB
∫ 1
0
dx3dz
∫ 1/Λ
0
b3db3bdbφD(x3, b3)
×{[(1− r2)[η(1− η + r2) + (1− η)2x3]φ0(z) + 2r√η(1− r2)[1 + η + (1− η)x3
−r2]φs(z)
]
Ea(ty)hy(z, x3, b3, b)St(x3)− [(1− η)(r4(z − 1) + r2(1 + η − 2z) + z)
+2rrc(r
2 − 1− η)]φ0(z) +
√
η(1− r2)[r(2z + 2r2(1− z)− rrc)(φs(z) + φt(z))
+(1− η)(2r − rc)(φs(z)− φt(z))]
]
Ea(ty)hy(z, x3, b, b3)St(z)
}
, (A11)
MLLaD = 32πCFm
4
B/
√
6
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
bBdbBbdbφB(xB, bB)φD(x3, b3)
×{[[r2(r2((1− η)(x3 − z)− 1)− x3(1− η2) + (1− η)xB − (η2 + η − 2)z + 1)
−(1− η)((1 + η)(xB + z)− η)]φ0(z)− r
√
η(1− r2)[(z(1 − r2) + xB)(φs(z) + φt(z))
+(1− η)x3(φs(z)− φt(z)) + 2φs(z)]
]
En(tv)hv(xB, z, x3, b, bB) +
[
(1− η + r2)
×[(1− r2)((1− η)x3 + ηz)− xBη]φ0(z) + r
√
η(1− r2)[(1− η)x3(φs(z) + φt(z))
+((1− r2)z − xB)(φs(z)− φt(z))]
]
En(tw)hw(xB, z, x3, b, bB)
}
. (A12)
We show here the explicit expressions of the hard functions hi(i = a, b, c, d, e, f, g, h,m, n, o, p, x, y, v, w),
coming from the Fourier transform of hard kernel:
hi(x1, x2(, x3), b1, b2) = h1(β, b2)× h2(α, b1, b2),
h1(β, b2) =
{
K0(
√
βb2), β > 0
K0(i
√−βb2), β < 0
h2(α, b1, b2) =
{
θ(b2 − b1)I0(
√
αb1)K0(
√
αb2) + (b1 ↔ b2), α > 0
θ(b2 − b1)I0(
√−αb1)K0(i
√−αb2) + (b1 ↔ b2), α < 0(A13)
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whereK0, I0 are modified Bessel function withK0(ix) =
pi
2
(−N0(x)+iJ0(x)) and J0 is the Bessel
function, α and β are the factor i1, i2(i = a, b, c, d, e, f, g, h,m, n, o, p, x, y, v, w) as defined in the
following paragraph.
The hard scale ti is chosen as themaximum of the virtuality of the internal momentum transition
in the hard amplitudes. For B(s) → D¯(s)ρ→ D¯(s)ππ decays, we have
ta = max{mB
√
|a1|, mB
√
|a2|, 1/b, 1/bB}, tb = max{mB
√
|b1|, mB
√
|b2|, 1/bB, 1/b};
tc = max{mB
√
|c1|, mB
√
|c2|, 1/bB, 1/b3}, td = max{mB
√
|d1|, mB
√
|d2|, 1/bB, 1/b3};
te = max{mB
√
|e1|, mB
√
|e2|, 1/b, 1/b3}, tf = max{mB
√
|f1|, mB
√
|f2|, 1/b3, 1/b};
tg = max{mB
√
|g1|, mB
√
|g2|, 1/b, 1/bB}, th = max{mB
√
|h1|, mB
√
|h2|, 1/b, 1/bB};
tm = max{mB
√
|m1|, mB
√
|m2|, 1/b3, 1/bB}, tn = max{mB
√
|n1|, mB
√
|n2|, 1/b3, 1/bB};
to = max{mB
√
|o1|, mB
√
|o2|, 1/bB, 1/b}, tp = max{mB
√
|p1|, mB
√
|p2|, 1/bB, 1/b}.
(A14)
with the factors
a1 = (1− r2)z, a2 = (1− r2)xBz;
b1 = (1− r2)(xB − η), b2 = a2;
c1 = a2, c2 = r
2
c − [(1− z)r2 + z][(1 − η)(1− x3)− xB];
d1 = a2, d2 = (1− r2)z[xB − (1− η)x3];
e1 = r
2
c − [1− z(1− r2)], e2 = (1− r2)(1− z)[(η − 1)x3 − η];
f1 = (1− r2)[(η − 1)x3 − η], f2 = e2;
g1 = e2, g2 = 1− [(1− z)r2 + z][(1 − η)(1− x3)− xB ];
h1 = e2, h2 = (1− r2)(1− z)[(η − 1)x3 − η + xB];
m1 = (1− η)x3, m2 = (1− η)x3xB;
n1 = r
2
c − (r2 − xB)(1− η), n2 = m2;
o1 = m2, o2 = [(η − 1)x3 − η][(1− z)(1− r2)− xB];
p1 = m2, p2 = (1− η)x3[xB − (1− r2)z]. (A15)
For B(s) → D(s)ρ→ D(s)ππ decays, similarly, we have
ta = max{mB
√
|a1|, mB
√
|a2|, 1/b, 1/bB}, tb = max{mB
√
|b1|, mB
√
|b2|, 1/bB, 1/b};
tc = max{mB
√
|c1|, mB
√
|c2|, 1/bB, 1/b3}, td = max{mB
√
|d1|, mB
√
|d2|, 1/bB, 1/b3};
tx = max{mB
√
|x1|, mB
√
|x2|, 1/b3, 1/b}, ty = max{mB
√
|y1|, mB
√
|y2|, 1/b, 1/b3};
tv = max{mB
√
|v1|, mB
√
|v2|, 1/b, 1/bB}, tw = max{mB
√
|w1|, mB
√
|w2|, 1/b, 1/bB}.
(A16)
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with the factors
a1 = (1− r2)z, a2 = (1− r2)xBz;
b1 = (1− r2)(xB − η), b2 = a2;
c1 = a2, c2 = (1− r2)z(xB − (1− η)x3);
d1 = a2, d2 = r
2
c − [(1− z)r2 + z][(1 − η)(1− x3)− xB];
x1 = (1− r2)[(η − 1)x3 − η], x2 = (1− η)(r2 − 1)x3z;
y1 = r
2
c − (1− η)[z + r2(1− z)], y2 = x2;
v1 = x2, v2 = [1− (1− η)x3][(1− r2)z + xB] + (1− η)x3;
w1 = x2, w2 = (1− η)x3[xB − (1− r2)z]. (A17)
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